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COLORINGS OF THE n-SPHERE AND INVERSIVE
GEOMETRY
JOEL C. GIBBONS AND YUSHENG LUO
Abstract. This paper shows that in dimensions n ≥ 2 for any partition
of the set of points in the standard n-sphere
∑n
i=0 x
2
i = 1 in Rn+1 into
(n + 3) or more nonempty sets, there exists a hyperplane in Rn+1 that
intersects at least (n+2) of these sets. This result is used to prove a result
in inversive geometry. A mapping T : S2 → Sn, for n ≥ 2, not assumed
continuous or even measurable, is called weakly circle-preserving if the
image of any circle is contained in some circle in the range space Sn. If
such a map T has a range T (S2) in circular general position, meaning
that any circle in the Sn misses at least two points of T (S2), then T
must be a Mo¨bius transformation of S2.
1. Introduction
For definiteness the standard n-sphere Sn embedded in Rn+1 is the real
algebraic set
Sn := {(x0, x1, · · · , xn) ∈ Rn+1 :
n∑
i=0
x2i = 1}.
The main result of this paper concerns properties of colorings of points of
the n-sphere, and can be stated in two ways, a coloring form and a sphere
cutting form.
We start with the coloring form. Conventionally a coloring of a manifold is
a partition into well-defined sets which are the color classes. The cardinality
of the coloring is the index set of the partition, and is often appended to the
description of the coloring, We define a full k-coloring of the n-sphere to be
a partition of Sn into k nonempty sets: every color must be used. That is, it
is given by a map Γ : X → {1, 2, ..., k} which is onto the given range. Here
we allow arbitrary partitions in which the sets are not restricted in any way.
Theorem 1.1. (Main Theorem: Coloring Form) Let n ≥ 2 and the points
of a standard n-sphere Sn be colored with a full k-coloring. If k ≥ n + 3
then there exists some (n− 1)-sphere that contains at least (n+ 2) different
colors.
Here an (n−1)-sphere in Sn is an element of the orbit of the (n−1)-sphere
x0 = 0 in Sn under the action of the generalized Mo¨bius group acting on
Sn. Alternatively it is the intersection of a sphere with some hyperplane in
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2 JOEL C. GIBBONS AND YUSHENG LUO
Rn+1 that contains an open set inside the sphere Sn in Rn+1. Notice this
hyperplane need not pass through the origin.
We can alternatively re-state the main result in terms of partition of the
points of the n-sphere, viewed as embedded in Rn+1 as follows.
Theorem 1.2. (Main Theorem: Sphere-Cutting Form) Let n ≥ 2 and let
the standard n-sphere Sn be partitioned as a set into k nonempty subsets.
If k ≥ n+ 3, then there exists a hyperplane in Rn+1 that intersects at least
(n+ 2) of these sets.
Here we note that given any (n + 1) points on the n-sphere Sn one can
always find a hyperplane in Rn+1 passing through them, hence one can triv-
ially guarantee to intersect (n+ 1) or more of the sets in the partition. The
content of the theorem lies in replacing (n+ 1) by (n+ 2) in the conclusion.
In the paper we shall prove the main theorem in the coloring form. It turns
out the theorem becomes harder to prove as the dimension gets smaller. In
Section 2 we give a proof valid for dimensions n ≥ 3. In Section 3 we give a
proof for the most interesting and hardest case n = 2. The result does not
hold in dimension n = 1.
In Section 4 we present examples showing that the theorem is sharp in
two senses. First, if the theorem’s hypothesis is weakened from (n + 3) to
(n + 2), then the conclusion of the theorem no longer holds. Second, no
matter how large a lower bound is placed on the number of sets k in the
partition, one can never improve the conclusion of the theorem to replace
(n+ 2) with (n+ 3).
1.1. Inversive Geometry: Generalized Mo¨bius Group. The main re-
sult has a connection with inversive geometry. Inversive geometry is the
study of geometric properties that are preserved under the action of the
generalized Mo¨bius group which will be defined in the next paragraph. This
is the group of all transformations of space Sn that map (generalized) (n−1)-
spheres to (generalized) (n−1)-spheres. The connection is that the set of all
(n− 1)-spheres of a standard n-sphere form a single orbit under the action
of the group of inversions. In this framework Theorem 1.1 asserts that for a
full (n+3)-coloring, the orbit of a single (n−1)-sphere under the generalized
Mo¨bius group contains some element requiring (n+ 2)-colors.
Under stereographic projection, we can identify Sn with Rn∞ := Rn∪{∞}.
In this space, an inversion (or a reflection) in an (n− 1)-sphere S(a, r) :=
{x ∈ Rn : ‖x−a‖ = r} is the function φ defined by φ(x) = a+( r‖x−a‖)2(x−a).
φ is well defined on Rn∞−{a,∞}, and at these two points, we define φ(a) =∞
and φ(∞) = a. A reflection in a hyperplane is the usual reflection defined
in Rn and fixes the point ∞.
We define a Mo¨bius transformation on Rn∞ ∼= Sn to be a finite composition
of reflections in (n − 1)-spheres or hyperplanes. The group of all Mo¨bius
transformations is called the Generalized Mo¨bius Group GM(Rn∞), following
Beardon [3, Chapter 3].
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In dimension two, with identification of R2 with C, Mo¨bius transforma-
tions include all the linear fractional transformations z 7→ az+bcz+d , which are
orientation-preserving maps and also the conjugate ones z 7→ az¯+bcz¯+d , which
are orientation reversing maps. The former are holomorphic maps and the
latter anti-holomorphic. We should be aware of the subtle difference be-
tween Mo¨bius transformations and linear fractional transformations (which
sometimes, unfortunately, are also called Mo¨bius transformation in complex
analysis) in dimension two.
The generalized Mo¨bius group is closely related to the conformal group
on Sn. Any Mo¨bius transformation is a conformal diffeomorphism on Sn.
A result of Liouville[18] in 1850 asserts (in modern form) a local converse:
when n ≥ 3, any smooth conformal diffeomorphism of a simply connected
open domain U of Sn into Sn is the restriction of a Mo¨bius transformation. In
particular, for n ≥ 3, the conformal group on Sn is precisely the generalized
Mo¨bius group.
1.2. Analogue of Main Theorem in Euclidean Geometry. The lower
bound of n + 2 colors found in the conclusion of Theorem 1.1 is a result
in inversive geometry insofar as it is associated to the generalized Mo¨bius
group. For Euclidean geometry in Rn+1, the set of isometries preserving the
standard n-sphere is given by the action of the orthogonal group. Under this
action, all (n− 1)-spheres in Sn no longer form a single orbit. Nevertheless,
the orthogonal group acts transitively on great (n−1)-spheres, which consist
of intersections of the standard n-sphere with hyperplanes passing through
the origin. Among the orbits of great (n − 1)-spheres, there is a parallel
result:
Theorem 1.3. For any full k-coloring of the standard n-sphere with k ≥
n + 2, there exists some great (n − 1)-sphere that contains at least (n + 1)
different colors.
This result is also completely sharp in two senses. First, if the hypothesis
of Theorem 1.3 is weakened from (n+ 2) to (n+ 1), then the conclusion of
the theorem no longer holds. Second, no matter how large a lower bound
is placed on the number of sets in the partition, one can never improve the
conclusion of the theorem to replace (n + 1) with (n + 2). The proof of
Theorem 1.3 is quite simple and we present it in section 5.
We note that the group O(n) is a Lie group of lower rank than that for
inversive geometry. This may supply one reason why the proof of Theorem
1.1 in the two-dimensional case seems to necessarily be complicated, and
harder than the Euclidean geometry problems listed above.
1.3. Application: Characterizing Mo¨bius transformations on the
2-sphere. We give an application of the main theorem for n = 2 which
motivated this work. It gives a new characterization of Mo¨bius transforma-
tions in the plane. Note that our definition of Mo¨bius transformation (when
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identifying R2 with C) a single reflection z 7→ z¯ is a Mo¨bius transforma-
tion, although it is anti-holomorphic. There has been much literature on
the characterization of such transformations, for example the 1937 result of
Caratheodory [6]. We may also mention related work done in recent years.
Many papers in the literature consider circle-preserving maps, which require
that the image of a circle to be another circle or a point, for example, the
results in [4], [7], [17], [22], [23].
This characterization we consider is in terms of weakly circle-preserving
maps, which we now define.
Definition 1.4. A function T : S2 −→ Sn with n ≥ 2 is called weakly
circle-preserving if for every circle C ⊂ S2, T (C) lies in some circle C ′ in Sn.
In particular, any function whose image is finite and contains 3 or fewer
points is weakly circle-preserving. We should notice that in this definition we
do not assume that T is injective or continuous, or even Borel-measurable.
This notion is a much more relaxed notion than has been considered else-
where, and it includes many maps that are not Mo¨bius transformations. It
was originally introduced by the first author with Webb in [13] (also [11]),
using however the name “circle-preserving map”.
We will show that a suitable “general position” condition on the range
T (S2) of a weakly circle-preserving map is sufficient to force it to be a Mo¨bius
transformation.
Definition 1.5. A subset B of the n-sphere is said to lie in circular general
position if for each circle C, the complement of C contains at least two points
of B.
The definition implies that any B in circular general position must contain
at least 5 points.
In 1979 the first author with Webb [13] proved the following “six-point
theorem”.
Theorem 1.6. (“Six-point theorem”) Let T be a weakly circle-preserving
map from S2 into Sn with n ≥ 2 which satisfies the following two conditions.
(1) Every circle in the codomain Sn does not contain at least two points
in the image T (S2), i.e. the image T (S2) is in circular general posi-
tion in Sn.
(2) The image T (S2) contains at least six distinct points.
Then T (S2) is a 2-sphere and T is a Mo¨bius transformation.
Proof. This is a special case of Theorem 1 of [13]. That theorem allowed an
open domain U = S2 and allowed a range inside Sn for any n ≥ 2. Here we
take U = S2 and n = 2. We change notation f to T and change “inversive
transformation” to Mo¨bius transformation. 
The main result of this paper allows us to improve the result above, as
follows.
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Theorem 1.7. (“Five-point theorem”) Let T be a weakly circle-preserving
map from S2 into Sn with n ≥ 2 which satisfies the following conditions.
(1) Every circle in the codomain Sn does not contain at least two points
in the image T (S2), i.e. T (S2) is in circular general position in S2.
(2) The image T (S2) contains five or more distinct points.
Then T (S2) is a 2-sphere and T is a Mo¨bius transformation.
We have stated Theorem 1.7 in parallel with Theorem 1.6, but condition
(2) is not needed, as it is implied by condition (1).
Theorem 1.7 looks like only a small improvement over the six point the-
orem. However this improvement is important for two reasons. First, this
result is sharp: we cannot further improve 5 to 4, as shown by Proposition
6.2 in the section 6. Second, this result permits proving a very strong re-
sult in inversive geometry characterizing Mo¨bius transformations in higher
dimensions, subsuming previously known results, which we will present in
[12]. This result uses an inductive argument on dimension which requires
the result above for the base case.
1.4. Discussion. The statements of the main results above have a flavor
of Ramsey theory or anti-Ramsey theory but do not fall under any of the
topics considered up to now in this subject.
Ramsey theory concerns the study of finite partitions of sets and of finding
monochromatic objects in a single partition class. It can be combined with
geometry. The subject of Euclidean Ramsey theory, initiated by Erdo˝s et
al. [9] addresses the following problem. Consider a four-tuple (H,X,m, n),
where H is a subgroup of the Euclidean group of Rn, X is a finite sub-
set of Rn, and m is the cardinality of a coloring of Rn. The four-tuple
(H,X,m, n) is said to have the Ramsey property if the orbit of X under H
necessarily contains a monochromatic set, for every full coloring of cardinal-
ity m. One problem in Euclidean Ramsey Theory consists of discovering and
characterizing such four-tuples. One can now propose analogous problems
for Inversive Ramsey Theory, which replaces the Euclidean group with the
generalized Mo¨bius group.
The subject of anti-Ramsey theory concerns finding polychromatic ob-
jects: finite sets of points such that there exists some copy under isometry
group which all elements are in different color classes for allowable partitions
(i.e. different elements of the partition). This subject has been studied for
finite graphs, where partitions of vertices are also finite sets, see Erdo˝s,
Siminovits and So´s [10] and Babai [2]. In the geometric situation that we
consider, with infinite sets, and where nevertheless some sets in the partition
may have only one element, it seems impossible to guarantee all elements
of a set to fall in different color classes. However the main results above do
have an anti-Ramsey like flavor.
1.5. Notation. Throughout this paper, we will identify Sn with Rn∞ := Rn∪
{∞}, and a k-sphere in Sn with either Euclidean Sk ⊂ Rn or a k dimensional
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affine space in Rn together with the point ∞. Once the identification is
specified, we will use the term extended line for Euclidean line with ∞ and
extended k-plane for k-dimensional affine space in Rn with ∞.
A full k-coloring of Sn is a surjective map Γ : Sn −→ {1, ..., k}. We
will say a point x is of color i if Γ(x) = i, a set X ⊂ Sn contains color
i1, ..., im if {i1, ..., im} ⊂ Γ(X), and a set X ⊂ Sn is colored by i1, ..., im if
Γ(X) = {i1, ..., im}. We will also say a set X is of m colors if |Γ(X)| = m,
and X contains m colors if |Γ(X)| ≥ m. We will sometimes use Γi to simplify
the notation Γ−1(i). We will usually use the subscript to describe the color
of a point (e.g., xi is a point of color i).
Given a finite set of points {x1, ..., xn} in Rn∞(= Sn), we will use (x1x2...xn)
to denote the smallest dimension (generalized) sphere containing {x1, ..., xn}.
Notice that dim((x1x2...xn)) is not necessarily n− 2, however, we do know
the dimension is less than or equal to n− 2. We will simply use [x1x2...xn]
for (x1x2...xn∞)−{∞}, i.e., the smallest dimension affine space containing
{x1, ..., xn}.
Sometimes, for convenience, we will also denote a sphere by its colors
(e.g., (123) is used to denote a circle of color 1,2 and 3). Similarly, we will
also denote an affine space by its colors. We will make it clear whenever we
use this notation to make sure the notation is assigned to a specific sphere
of these colors.
2. Proof of Theorem 1.1 for n ≥ 3
The proof of the theorem for n ≥ 3 is easier than the theorem for n =
2. The argument is purely combinatorial. We begin with the following
definition and lemma.
Definition 2.1. Let S ⊂ Sn be a (n−1)-sphere, we say two points x, y ∈ Sn
are separated by S if x, y lives in two different connected components of
Sn − S.
Lemma 2.2. Let Sn be full (n + 3)-colored (n ≥ 2), assume there is no
(n−1)-sphere containing (n+ 2) colors, then there is an (n−1)-sphere S of
(n + 1) colors and two points x1, x2 of the rest two colors respectively such
that x1, x2 are separated by S.
Proof. We will consider 3 cases: n = 2, n = 3, n > 3 separately. The case
n = 3 and the case n > 3 can be treated together, however we feel that it
is better to discuss the case n = 3 first as it gives geometric meaning of the
methods in higher dimensions.
Case n = 2:
Let x1, x4, x5 be three points colored by color 1,4 and 5. Under a Mo¨bius
transformation, we may assume that x1, x4, x5 lie on a line and x1 lies be-
tween x4 and x5 (recall here that we have identified S2 with R2∞). Denote
this line by [x1x4x5].
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Let x2, x3 be two points colored by 2 and 3, then x2, x3 /∈ [x1x4x5]∪{∞},
as otherwise the circle (x1x4x5) = [x1x4x5]∪{∞} contains 4 distinct colors.
If x2 and x3 lie on the opposite side of the line [x1x4x5] in R2, then x2
and x3 are separated by the circle [x1x4x5] ∪ {∞} in R2∞(= S2).
Otherwise, x2 and x3 lie on the same side of the line (x1x4x5) in R2.
Notice that ∠x4x2x5 6= ∠x4x3x5, as otherwise, the four points x2, x3, x4, x5
will be on a same circle. Without loss of generality, assume ∠x4x2x5 <
∠x4x3x5, then the point x2 is outside the circle (x3x4x5). Since x1 is be-
tween x4 and x5, x1 is inside the circle (x3x4x5). Hence, x1 and x2 are
separated by the circle (x3x4x5) (see Figure 2.1).
Figure 2.1. Two Points Separated by a Circle
Before proving the case n = 3 and n > 3, we shall prove the following
observation.
Observation: If Sn is full (n + 3)-colored with no (n − 1)-sphere con-
taining (n+ 2) or more colors, then there is no k-sphere containing (k + 3)
colors for all k = 2, 3, ..., n− 2.
Proof. (of the observation:)
To see this, we notice that suppose for contradiction that we have a (k+3)-
colored k-sphere Sk, then we can form (k+1)-sphere using this Sk and a point
with different color to get a (k + 4)-colored (k + 1)-sphere. So inductively,
we would get a (n+ 2)-colored (n− 1)-sphere which is a contradiction.

Case n = 3:
Let x1, x5, x6 ∈ R3∞ colored by 1, 5 and 6. Under a Mo¨bius transformation,
we may assume that x1, x5, x6 lie on a line and x1 lies between x5 and x6.
Denote this line, as usual, by [x1x5x6].
Let x2, x3, x4 ∈ R3∞ colored by 2, 3 and 4. Notice that x2, x3, x4 /∈
[x1x5x6] ∪ {∞}, so [x1x4x5x6] is a 2-plane.
If x2 and x3 lie on the opposite side of the 2-plane [x1x4x5x6] in R3, then
x2 and x3 are separated by the 2-sphere [x1x4x5x6] ∪ {∞}.
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Otherwise, x2 and x3 lie on the same side of the plane [x1x4x5x6] in R3
Notice that x4, x5, x6 do not lie in a line, so (x4x5x6) is a Euclidean circle
in R2. Let O be the center of this circle. We let l be the line perpendicular
to the plane [x1x4x5x6] through the point O. Let A,B be two points on the
circle (x4x5x6) such that O is on AB. We rotate x2 and x3 about the line l
to x′2 and x′3 so that x′2 and x′3 lie on the plane spanned by AB and l. Then
any sphere containing the circle (x4x5x6) has its center on l, so the sphere
is invariant under rotation about l. Hence, the point x2 or x3 is inside, on
or outside a sphere containing (x4x5x6) if and only if x
′
2 or x
′
3 is.
Now working on the plane [l, A,B], notice x′2 and x′3 are on the same
side of the line AB. Also notice that ∠Ax′2B 6= ∠Ax′3B as otherwise,
x2, x3, x4, x5, x6 will be on a 2-sphere. Without loss of generality, assume
∠Ax′2B < ∠Ax′3B, then x′2 is outside the circle (x′3AB). Notice that (ABx′3)
is a great circle of the sphere (x′3x4x5x6) = (x3x4x5x6), so x′2 is outside
the sphere (x3x4x5x6) (see Figure 2.2). Hence x2 is outside the sphere
(x3x4x5x6). Notice that x1 is between x5 and x6, so x1 is inside the sphere
(x3x4x5x6). Therefore, x1 and x2 are separated by (x3x4x5x6).
Figure 2.2. Cross Section of the Sphere
Case n > 3:
The proof of this case is essentially the same as the case n = 3. We first
find three points x1, xn+2, xn+3 of color 1, n+ 2 and n+ 3. Under a Mo¨bius
transformation, we may assume that x1, xn+2, xn+3 lie on a line and x1 lies
between xn+2 and xn+3. Denote this line, as usual, by [x1xn+2xn+3].
Let x2, ..., xn+1 be points of color 2, ..., n + 1 respectively. Notice that
x2, ..., xn+1 /∈ [x1x5x6]∪{∞}. Now consider the affine space [x1x4x5...xn+3].
[x1x4x5...xn+3] can have dimension at most n−1 as x1, xn+2 and xn+3 are on
a line. [x1x4x5...xn+3] also cannot have dimension n−2 or less as otherwise,
[x1x4x5...xn+3] ∪ {∞} is a sphere of dimension n − 2 or less with at least
n+ 1 colors. Therefore, [x1x4x5...xn+3] is a hyperplane.
If x2 and x3 lie on the opposite side of the hyperplane [x1x4x5...xn+3] in
Rn, then x2 and x3 are separated by [x1x4x5...xn+3] ∪ {∞}.
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Otherwise, x2 and x3 lie on the same side of the hyperplane [x1x4x5...xn+3]
in Rn
Notice that [x4x5...xn+3] is again a hyperplane as x1, xn+2, xn+3 are on
a line. Therefore, (x4x5...xn+3) is either an extended (n − 1)-plane or a
Euclidean (n − 2)-sphere. But any n points can determine a sphere of di-
mension at most (n− 2), so (x4x5...xn+3) is a Euclidean (n− 2)-sphere. Let
O be the center of (x4x5...xn+3), l be the line perpendicular to the hyper-
plane [x1x4x5...xn+3] through O and A,B be two points on (x4x5...xn+3)
such that O is on AB.
In dimension n ≥ 4, we define a rotation about a line to be the rotation in
Rn that preserves all hyperplanes perpendicular to the line, and we should
call this line as the axis of rotation. E.g., a rotation about the X1-axis is a
matrix of the form (
1 0
0 SOn−1(R)
)
Notice that the orbit of a point under all the rotation about a line is a
(n − 2)-sphere contained in some hyperplane perpendicular to the axis of
rotation.
Let P be the hyperplane through x2 that perpendicular to l, then [l, A,B]∩
P is a line passing through the center of the orbit of x2 under rotation about
l. Hence, [l, A,B] intersects the orbit of x2. Similar result holds for x3.
Therefore, we may rotate x2 and x3 about l to get x
′
2 and x
′
3 which are on
the plane [l, A,B]. Similar to the case n = 3, the center of any (n − 1)-
sphere containing (x4x5...xn+3) lies on l, and the the orbit of x2 (or x3) is
an (n−2)-spheres perpendicular to l with center on l, so x2 (or x3) is inside,
on or outside (n − 1)-sphere containing (x4x5...xn+3) if and only if x′2 (or
x′3) is.
Now working on the plane [l, A,B], following exactly the same argument
in the case n = 3, if we choose the point with larger angle (say x′3), we have
that x2 is outside the (n− 1)-sphere (x3x4...xn+3). But x1 is between xn+2
and xn+3, so it is inside the (n− 1)-sphere (x3x4...xn+3). Hence, x1 and x2
are separated by (x3x4...xn+3). 
Now it is easy to prove Theorem 1.1 for n ≥ 3.
Proof. (of Theorem 1.1 in dimension ≥ 3)
It is easy to see that we only need to prove when k = n + 3, the case
k > n+ 3 follows immediately from the case k = n+ 3.
We suppose for contradiction that there is no (n − 1)-sphere containing
n+ 2 colors.
We will first consider the case when n = 3
By lemma 2.2, there is a 4-colored 2-sphere S (say it is colored by 3,4,5,6)
and two points (say x1, x2 of color 1,2) such that x1 and x2 are separated
by S. Now the line [x1x2] necessarily intersects the sphere at two points of
the same color, as otherwise, [x1x2] will contain 4 colors. Without loss of
generality, we assume that two intersection points are of color 3. Under a
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Mo¨bius transformation, we may map one of the intersections to infinity and
the other to ~0 and x1 to (1, 0, 0). Under this transformation, the 2-sphere S
is mapped to an extended 2-plane through ~0, and ~0 is between x1 and x2.
Let x4, x5, x6 be on this extended plane S having color 4,5 and 6. We
claim the line [~0x6] must be bicolored, i.e., [~0x6] is colored by color 3 and 6
only. Suppose not, if either color 1 or color 2 is on [~0x6], then the extended
2-plane S will have 5 colors. Otherwise, either color 4 or color 5 is on [0x6],
then extended plane (~0x1x2x6) = [~0x1x2x6] ∪ {∞} will have 5 colors. This
is a contradiction. Hence [~0x6] is bicolored.
Now if x1, x2, x4, x5 lie on a same plane, then we will have the extended
plane [x1x2x4x5] ∪ {∞}, which has dimension ≤ 2, contains color 1,2,3,4,5.
Otherwise (x1x2x4x5) is a Euclidean sphere, the line [~0x6] intersects (x1x2x4x5)
at two points. These two points must be colored by 3 or 6. So (x1x2x4x5) will
have at least 5 colors. This is a contradiction, and the case for n = 3 follows.
For the case n > 3, the argument goes in a similar way. First by lemma
2.2, there is a (n+1)-colored (n−1)-sphere S (say it is colored by 3, 4, ..., n+
3) and two points (say x1 and x2 of color 1 and 2) such that x1 and x2 are
separated by S. The line [x1x2] must intersect S at two points of same color
(say the color is 3). Under a Mo¨bius transformation, we map one of the
intersections to infinity and the other to ~0 and x1 to (1, 0, ..., 0). Under this
transformation, S is mapped to an extended (n− 1)-plane through ~0 and ~0
is between x1 and x2.
Let x4, ..., xn+3 be on this extended plane S having color 4, ..., n + 3.
We claim that [~0xn+3] is bicolored. Suppose not, if either color 1 or 2 is
on [~0xn+3], then the extended (n − 1)-plane S will contain at least n + 2
colors. Otherwise, one of color 3, ..., n + 2 is on [0xn+3], then the extended
2-plane (~0x1x2xn+3) = [~0x1x2xn+3] ∪ {∞} contains at least 5 colors. This
is a contradiction to the observation. Hence [~0xn+3] is bicolored.
Now if x1, x2, x4, x5, .., xn+2 lie on a same (n−1)-plane, then the extended
plane [x1x2x4x5...xn+2]∪{∞}, which has dimension ≤ n− 1, contains color
1, 2, ..., n+ 2.
Otherwise, (x1x2x4x5...xn+2) is a Euclidean (n−1)-sphere, the line [0xn+3]
intersects (x1x2x4x5...xn+2) at two points. These two points must be col-
ored by 3 or n+3. So (x1x2x4x5...xn+2) will have at least n+2 colors. This
is a contradiction, and the the case for n > 3 follows.

3. Proof of Theorem 1.1 for n = 2
The proof of the theorem for n = 2 is different from the case of n ≥ 3 and
more complicated. For convenience we restate Theorem 1.1 in this case.
Theorem 3.1. Any full n-coloring with n ≥ 5 of the standard 2-sphere S2
must have some circle containing at least 4 different colors.
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(a) Before Transformation (b) After Transformation
Figure 3.1
Proof. Recall that we identify S2 with R2∞. We will argue by contradiction,
and suppose for contradiction that there is a 5-coloring Γ : R2∞ −→ {1, ..., 5}
with no 4-colored circle, and denote Γi := Γ
−1(i). We shall derive more and
more constraints on this coloring, doing this in a series of claims, until we
obtain a contradiction.
To begin, by Lemma 2.2, this 5-coloring must contain a 3-colored circle
that separate two points of the other two colors. Without loss of generality,
we assume that this circle is colored by colors 1,2 and 3, so we denote
it by (123), and that there are two points s4 and s5 of colors 4 and 5,
respectively, which are separated by the circle (123). Consider the line [s4s5],
it necessarily intersects the circle (123) at two points of the same color (say
the color is 1). We label the extended line [s4s5] ∪ {∞} by its colors (145).
Under a Mo¨bius transformation, we map one of the intersections to ~0 and
the other to ∞ and s5 to (1, 0). Under this transformation, the circle (123)
is mapped to an extended line through origin, the extended line (145) is
mapped to the extended X-axis. We will also denote the Euclidean line
after the transformation [123] := (123) − {∞} and [145] := (145) − {∞}.
(see Figure 3.1)
Claim 1. Γi intersects [145] on both sides of 0 and Γj intersects [123] on
both sides of 0 (i = 4, 5 and j = 2, 3)
Proof. (of Claim 1)
By the construction, there are points of color 5 on right hand side of ~0
(namely s5 = (1, 0)) and points of color 4 on left hand side of ~0 (namely s4).
We let b3 be a point of color 3 on [123], then the circle (s4s5b3) intersects
the line [123] at another point on the opposite side of b3. The intersection
point must be of color 3, so there are color 3 on either side of ~0 of [123].
Similarly, the claim holds for color 2.
Now let b2 and b3 be on the opposite side of ~0 on [123] of color 2 and
3, then the circle (s5b2b3) intersects the line [145] at another point on the
opposite side of s5 and having color 5. Hence there are points of color 5 on
either side of ~0 on [145]. Similarly, the claim holds for color 4. 
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We need some extra notation to describe colored points on the two lines
[123] and [145]. To distinguish the points on the line [145] and [123], we will
denote an arbitrary point on the line [145] by a and points of color 4 and 5
on [145] by a4 and a5. Similarly, we denote an arbitrary point on the line
[123] by b and points of color 2 and 3 on [123] by b2 and b3.
Definition 3.2. We define a signed norm function N : R2 −→ R by assign-
ing to z = (v, w) ∈ R2 the value
N(z) := sign(v, w)‖(v, w)‖
= sign(v, w)
√
v2 + w2,
where sign(z) = sign(v, w) is defined as
sign(v, w) =
{
1 if w > 0 or (w = 0 & v ≥ 0)
−1 if w < 0 or (w = 0 & v < 0)
If z is viewed as a complex number, then sign(z) > 0 if and only if Im(z) > 0
or z is non-negative real.
Given a ∈ [145] and b ∈ [123], we will denote x = N(a) and y = N(b),
that is, x and y will be used to denote signed norm of points on [145] and
points on [123] respectively. We will also denote
Xi := {x ∈ R∗ : x is signed norm of some point on [145] of color i}
Yj := {y ∈ R∗ : y is signed norm of some point on [123] of color j}
for i = 4, 5 and j = 2, 3.
The following three claims will show that there is some multiplicative
structure on the sets Xi and Yj .
From elementary geometry, we know that four points a, a′, b, b′ are on the
same circle if and only if the associated signed norms satisfy xx′ = yy′. We
now define a function h : (R∗)3 −→ R∗ by h(r1|r2r3) = r2r3r1 .
Claim 2. If xi ∈ Xi, y2 ∈ Y2 and y3 ∈ Y3, then h(xi|y2y3) ∈ Xi. Similarly,
if yj ∈ Yj, x4 ∈ X4 and x5 ∈ X5, then h(yj |x4x5) ∈ Yj. (i=4,5 and j = 2,3).
Proof. (of Claim 2)
Let b2, b3 be the points on [123] with signed norm y2, y3 and ai, a be the
points on [145] with signed norm xi, h(xi|y2y3) respectively. Notice that
xih(xi|y2y3) = xi y2y3
xi
= y2y3
so ai, a, b2, b3 are on the same circle. Hence a has color i. This proves that
h(xi|y2y3) ∈ Xi. (see Figure 3.2)
Similarly, the second part of the claim follows from the same argument.

We define another function m : (R∗)3 −→ R∗ by m(r1|r2r3) = r3r2 r1.
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Figure 3.2
Claim 3. If xi ∈ Xi, yj , y′j ∈ Yj, then m(xi|yjy′j) ∈ Xi. Similarly, if
yj ∈ Yj, xi, x′i ∈ Xi, then m(yj |xix′i) ∈ Yj (i = 4, 5 and j = 2, 3).
Proof. (of Claim 3)
Choose y5−j ∈ Y5−j (notice that j and 5− j will be two different numbers
in {2, 3}), then
m(xi|yjy′j) =
y′j
yj
xi =
y′jy5−j
yjy5−j
xi
= h(h(xi|yjy5−j)|y′jy5−j)
By the Claim 2, h(xi|yjy5−j) ∈ Xi, then so is h(h(xi|yjy5−j)|y′jy5−j).
Therefore, m(xi|yjy′j) ∈ Xi.
The second part of the claim follows from the same argument.

Claim 4. X5 is a subgroup of R∗, and Y2, Y3, X4 are cosets of X5 in R∗.
Moreover, the fourth power of each coset representative of Y2, Y3, X4 lies in
X5.
Proof. (of Claim 4)
First notice that the point s5 = (1, 0) is colored by 5, so we have that
1 ∈ X5.
Let yj , y
′
j ∈ Yj , then by Claim 3, y′j/yj = m(1|yjy′j) ∈ X5. Hence, we
have Yj ⊂ yjX5
Let yj ∈ Yj , and x5 ∈ X5, then by Claim 3, x5yj = m(yj |1x5) ∈ Yj . So
we have yjX5 ⊂ Yj . Therefore, Yj = yjX5.
Now let x5, x
′
5 ∈ X5, choose yj ∈ Yj . Since Yj = yjX5, x5yj , x′5yj ∈ Yj , we
have x5x
′−1
5 = (x5yj)/(x
′
5yj) ∈ X5. So X5 is a subgroup of R∗. We will now
denote this group by G and notice that we have also shown that Yj = yjG.
Now let x4 ∈ X4, yj ∈ Yj and g ∈ G, then gyj ∈ Yj , so by Claim 3,
gx4 = m(x4|yj , gyj) ∈ X4. So we have x4G ⊂ X4.
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On the other hand, if x4, x
′
4 ∈ X4, yj ∈ Yj , then by Claim 3 again,
(x′4/x4)yj = m(yj |x4x′4) ∈ Yj , so x′4/x4 ∈ G. So we have X4 ⊂ x4G.
Therefore, X4 = x4G.
To prove the moreover part, let y2 ∈ Y2, y3 ∈ Y3, then y2y3 = h(1|y2y3) ∈
G. Let x4 ∈ X4, then y2y3/x4 = h(x4|y2y3) ∈ x4G. So we have x24 ∈ G.
Similarly, let x4 ∈ X4, yj ∈ Yj , x4/yj = h(yj |1, x4) ∈ yjG, so we have
y2j ∈ x4G, hence y4j ∈ G. Therefore, the claim follows. 
The Claims 2 to 4 do not suffice by themselves to get a contradiction, see
Proposition 4.3. We need a further argument. The following three claims
show that the colorings of the lines passing through the origin are strictly
restricted due to the multiplicative structure.
Claim 5. For every line l through origin, |Γ(l)| = 3.
Proof. (of Claim 5)
By Claim 1, we let a4, a5 be of color 4,5 on [145] and on opposite side of ~0,
and b2, b3 be of color 2,3 on [123] and on opposite side of ~0. Given any line
l through 0, the circle (b2b3a4) intersects l at two points. The intersection
points must be of color 2 or 3 or 4. Without loss of generality, we assume
the intersection points are of color 2, then the circle (b3a4a5) intersects l
at two other points. The intersections are of color 3,4 or 5. Therefore, the
claim follows (see Figure 3.3).
Figure 3.3

Claim 6. Let C be a circle intersecting [123] and [145] transversally. For
i = 4, 5, if Γ(C∩[145]) = {i} then Γ(C∩[123]) = {1} or Γ(C∩[123]) = {2, 3}.
Similarly, for j = 2, 3 if Γ(C ∩ [123]) = {j}, then Γ(C ∩ [145]) = {1} or
Γ(C ∩ [145]) = {4, 5}.
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Proof. (of Claim 6)
Let Γ(C ∩ [145]) = {i} and assume that Γ(C ∩ [123]) 6= {1}, without
loss of generality, assume that 2 ∈ Γ(C ∩ [123]). Let C ∩ [145] = {ai, a′i}
and C ∩ [123] = {b2, b}. Let xi, x′i, y2, y be the signed norms associated to
ai, a
′
i, b2, b, then xix
′
i = y2y. Notice that for either case i = 4 or i = 5,
xix
′
i ∈ G, so we have y = g/y2 for some g ∈ G. Choose y3 ∈ Y3, then
y2y3 = h(1|y2y3) ∈ G, so we have y = y3g′ for some g′ ∈ G. Therefore,
y ∈ Y3, which means b is of color 3 (see Figure 3.4a), so Γ(C∩[123]) = {2, 3}.
Let Γ(C ∩ [123]) = {j} and assume that Γ(C ∩ [145]) 6= {1}, without
loss of generality, assume that 4 ∈ Γ(C ∩ [145]). Let C ∩ [123] = {bj , b′j}
and C ∩ [145] = {a4, a}. Let yj , y′j , x4, x be the signed norms associated
to bj , b
′
j , a4, a, then xx4 = yjy
′
j . As in the proof claim 4, yjy
′
j ∈ X4, so
we have x = yjy
′
j/x4 ∈ G. Therefore, a is of color 5 (see Figure 3.4b), so
Γ(C ∩ [145]) = {4, 5}.
The other cases follow from exactly the same arguments. 
(a) (b)
Figure 3.4
Claim 7. For each line l through origin, Γ(l) = {1, 2, 3} or Γ(l) = {1, 4, 5}.
Proof. (of Claim 7)
We assume there is a line through ~0 of color 1,2,4. Denote this line by
[124]. Choose points a4, a5 of color 4,5 on the opposite side of ~0 on [145],
and b3 of color 3 on [123]. The circle (b3a4a5) intersects [124] at two points
of color 4. The two intersection points are on the opposite side of ~0, so we
may assume that there is a pair of points of color 2 and 4 on the opposite
side of ~0. Let c2, c4 be of color 2,4 on the opposite side of 0 on [124], the
circle (234) := (c2b3c4) intersects [145] at two points a4, a
′
4 of color 4 (see
Figure 3.5a).
Under a Mo¨bius transformation T , we may map a4 to ~0, a
′
4 to ∞ and ~0
to (1, 0). Under this transformation, the extended line(145) is mapped to
the extended X-axis, the circle (234) is mapped to an extended line through
origin, and the extended line (124) = [124]∪ {∞} is mapped to a Euclidean
circle (see Figure 3.5b). After the transformation, the Euclidean circle (124)
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intersect [145] = (145)−{∞} and [234] = (234)−{∞} on four points. Then
by exchanging the role of color 1 and color 4, exact same argument shows
that all previous claims holds. But the circle (124) intersects [145] and [234]
transversally and Γ((124) ∩ [145]) = {1}, Γ((124) ∩ [234]) = {2, 4}, which is
a contradiction to Claim 6 (by exchanging the role of color 1 and 4 in the
statement).
(a) Before Transformation (b) After Transformation
Figure 3.5
Similarly, the line through ~0 can not be of colors 1,2,5 or 1,3,4 or 1,3,5.
So together with Claim 5, we conclude that each line through the origin has
coloring either 1,2,3 or 1,4,5. 
(Return to the proof of Theorem 3.1) Now let [123]′ be another line
through 0 with color 1,2,3, then the exact argument shows that the signed
norms of points of color 2,3 on [123]′ form cosets of group G in R∗ and the
fourth power of the representatives are in G. If [145]′ be another line through
0 with color 1,4,5, choose y2 ∈ Y2, then under the Mo¨bius transformation
φ(z) = (1/y2)z, the signed norms of points color 2 on [123] then form the
same group G. The exact same argument shows that the signed norms of
points of color 4, 5 on [145]′ after the transformation form cosets of group G
in R∗ and the fourth power of the representatives are in G. If we apply φ−1,
any signed norm set is multiplied by a factor of y2. The resulting signed
norm set of points of color 4 or 5 on [145]′ is again a coset of G and the
fourth power of the representative is again in G.
Now let H := ∪x4∈GxG, then H is a subgroup of R∗. Given z ∈ R2 of
color 2, 3, 4 or 5, by the result in the above paragraph, the signed norm
N(z) ∈ H, then so is usual norm ‖z‖ as −1 ∈ H. Therefore, {‖z‖ : z ∈
R2, z is of color 2, 3, 4 or 5} is a subset of H. Notice we can find a Euclidean
circle which does not contain color 1 and whose center is not ~0, so {‖z‖ : z ∈
R2, z is colored 2,3,4,5 } contains an non-degenerate interval. This implies
H contains a non-degenerate interval. Hence R+ ⊂ H as H is a subgroup
of R∗.
Now given r ∈ R+, then r1/4 ∈ R+. so r1/4 ∈ H. Hence, we write
r1/4 = xg with x4 ∈ G, then r = (r1/4)4 = (xg)4 = x4g4 ∈ G. Therefore, we
have R+ ⊂ G. By Claim 1, G contains at least one negative value, hence
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G = R∗. But this is a contradiction as this means there is no color 4 on the
line [145]. This proves Theroem 3.1. 
Remark 3.3. If we identify R2∞ with the Riemann surface Cˆ = P1(C), then
it is well known that four points z1, z2, z3, z4 lie on the same circle in Cˆ if
and only if their cross ratio [z1, z2 : z3, z4] =
(z1−z3)(z2−z4)
(z2−z3)(z1−z4) is real. Using this
result, one can give an alternative derivation of the multiplicative structure
of the coloring sets given in Claim 4.
4. Sharpness of Main Result
The following two propositions give two examples showing different ways
in which the main result Theorem 1.1 is sharp.
The first result shows that the conclusion of Theorem 1.1 fails if the
hypothesis is weakened to replace full (n+3)-coloring by full (n+2)-coloring.
Proposition 4.1. There is a full (n+2)-coloring of Sn in which all (n−1)-
spheres are colored using at most (n+ 1) colors.
Proof. Again, we identify Sn with Rn∞. Denote Ri := {(x1, ..., xn) ∈ Rn :
xi+1 = xi+2 = ... = xn = 0} Consider the following partition,
Γ1 = {~0},
Γ2 = {∞},
Γi = Ri−2 − Ri−3 for i ≥ 3
It is clear that ∪n+2i=1 Γi = Rn ∪ {∞}, and Γi ∩ Γj = ∅ if i 6= j. So
Γ = {Γi : i = 1, .., n+ 2} is indeed a full (n+ 2)-coloring of Sn.
Suppose for contradiction that there is an (n+ 2)-colored (n− 1)-sphere
S. Since S has color 1 and 2, ~0 ∈ S and ∞ ∈ S, so S is an extended
(n− 1)-plane through the origin.
We will prove by induction that Rk for all k. For the base case, since S
contains color 3, S ∩ (R1 − R0) 6= ∅, so R1 ⊂ S. For the induction step,
assume that Rk−1 ⊂ S. Since S has color k + 2, S ∩ (Rk − Rk−1 6= ∅, hence
Rk ⊂ S, completing the induction step.
Therefore, by induction, we have Rn ⊂ S, which is a contradiction. 
The second result shows that no matter how many color classes we impose
on the coloring, the conclusion of Theorem 1.1 cannot be strengthened to
guarantee the existence of an (n−1)-sphere requiring (n+3) or more colors.
Proposition 4.2. For each k ≥ n + 3, there is a full k-coloring of Sn in
which all (n− 1)-spheres are colored with (n+ 2) or fewer colors.
Proof. Let M = {x1, ..., xk−1} ⊂ Sn of k − 1 points with no (n + 2) points
in M are in the same Sn−1. This is possible to construct by induction. Now
if we let Γi = {xi} and Γk = Sn − M , then there is no (n + 3)-colored
(n− 1)-sphere in this coloring of Sn. 
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The following example gives some indication that the proof of the main
theorem for dimension 2 cannot be substantially simplified.
Proposition 4.3. Given C1, C2 circles in S2 with C1 intersecting C2 transver-
sally. There is a 5-coloring Γ of C1 ∪C2 such that for every circle C in S2,
|Γ(C ∩ (C1 ∪ C2))| ≤ 3.
Remark 4.4. In the proof of Theorem 3.1 in dimension 2, we defined the
notion of signed norm and shown that the signed norm sets on two intersect-
ing lines for color 2,3,4,5 are actually cosets of a subgroup in R∗. Proposition
4.3 shows that the constraints these impose of a configuration of two inter-
secting lines are not enough to lead a contradiction.
Proof. Under a Mo¨bius transformation, we may map one of the intersection
points to ∞ and the other to (0, 0). Then C1 and C2 are mapped to two
extended lines through origin. We define a 5-coloring as follows:
Γ2 := {~x ∈ C2 : ‖~x‖ ∈ 21/4Q∗}
Γ3 := {~x ∈ C2 : ‖~x‖ ∈ 2−1/4Q∗}
Γ4 := {~x ∈ C1 : ‖~x‖ ∈ 21/2Q∗}
Γ5 := {~x ∈ C1 : ‖~x‖ ∈ Q∗}
Γ1 := C1 ∪ C2 − ∪5i=2Γi
Suppose for contradiction that there is a circle C such that C ∩ (C1 ∪C2)
contains 4 or more colors. Notice if C is an extended line, then |C ∩ (C1 ∪
C2)| ≤ 3. Therefore, C is a Euclidean circle and intersects each C1 and C2
at 2 points. Denote a, b be intersection points on C1 and c, d be intersection
points on C2. By assumption, a, b, c, d are of different colors, notice three of
them must be of color 2,3,4 or 5. Hence, there are 4 cases to consider, we
will prove one case and the other cases can be treated similarly.
Suppose this circle C contains color 2,4 and 5. We let a, b, c are of color
4, 5 and 2 respectively. By elementary geometry, we have ‖a‖‖b‖ = ‖c‖‖d‖.
A straight forward calculation shows that ‖d‖ ∈ 21/4Q∗, so d has color 2,
which is a contradiction.
Similar arguments and calculations show that the other cases are not
possible as well. Therefore, the proposition follows. 
5. Analogue of Main Theorem in Euclidean Geometry
In section 1.2, we introduced the Euclidean analogue of the main result
where (n− 1)-spheres are replaced by great (n− 1)-spheres. Similar to the
main theorem, to get a great (n−1)-sphere of n different colors is immediate
as we can pick n points on Sn of distinct colors and form a n dimensional
vector space that contains these points, then the intersection of the vector
space and Sn will be a great (n− 1)-sphere. The content of the theorem lies
wholly in replacing n by n + 1. However, in contrast to Theorem 1.1, the
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proof in this case is quite simple. The key observation is the following.
Observation: Any great (n − 1)-sphere and great circle (i.e., great 1-
sphere) on Sn must intersect.
Proof. Given a great (n − 1)-sphere S and a great circle C on Sn, let P
be the hyperplane through the origin such that S = P ∩ Sn and Q be a
two plane through the origin such that C = Q ∩ Sn. Notice P is a vector
space in Rn+1 of dimension n and Q is a vector space in Rn+1 of dimension
2, so P ∩ Q is a vector space in Rn+1 of dimension at least 1. Therefore,
S ∩ C = P ∩Q ∩ Sn contains at least two points. 
Proof of Theorem 1.3. It is enough to prove the theorem for k = n+ 2.
We will argue by contradiction. Suppose that there is no great (n − 1)-
sphere that contains (n+ 1) or more different colors, then there is no great
circle that contains at least 3 different colors either (as we can always build
a great (n− 1)-sphere of (n+ 1) colors from a great circle of 3 colors). Now
we let S be a great (n− 1)-sphere of color 1, 2, ..., n and C be a great circle
of color n + 1 and n + 2. Notice that by assumption, S only has points of
color 1, 2, ..., n and C only has points of color n+ 1 and n+ 2. However, by
the observation, S ∩ C 6= ∅. This is a contradiction. 
Similar to the main result, we have the following two propositions showing
different ways in which this result is sharp.
The first result shows that the conclusion of Theorem 1.3 fails if the
hypothesis is weakened to replace full (n+2) coloring by full (n+1)-coloring.
Proposition 5.1. There is a full (n + 1)-coloring of Sn in which all great
(n− 1)-spheres are colored using at most n colors.
Proof. The construction is very similar to the construction in Proposition
4.1. We consider Sn as a subset of Rn+1. Denote Ri := {(x1, ..., xn+1) ∈
Rn+1 : xi+1 = xi+2 = ... = xn+1 = 0}. Consider the following partition:
Γi = (Ri − Ri−1) ∩ Sn, 1 ≤ i ≤ n+ 1.
It is clear that Γ := {Γi : i = 1, ..., n+ 1} is indeed a full (n+ 1)-coloring of
Sn.
We argue by contradiction to show that there is no great (n − 1)-sphere
containing (n + 1) colors. Suppose that there were, and let S be a great
(n− 1) sphere S that contains all the colors. Then let P be a hyperplane in
Rn+1 such that S = P ∩ Sn.
We will prove by induction on k ≥ 1 that Rk ⊂ P for all k. For the base
case, since S has color 1, we have R1 ⊂ P . For the induction step, assume
that Rk−1 ⊂ P . Since S has color k, P ∩ (Rk − Rk−1) 6= ∅, hence Rk ⊂ P ,
completing the induction step. Therefore, by induction, we have Rn+1 ⊂ P
which is a contradiction. 
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Figure 5.1. Coloring of S2
Figure 5.1 shows the partition in S2. The two antipodal points are colored
by color 1, the great circle passing through these two points is colored by
color 2 (except at the two points) and the rest of the sphere is colored by
color 3.
The second result shows that no matter how many color classes we impose
on the coloring, the conclusion of Theorem 1.3 cannot be strengthened to
guarantee the existence of a great (n− 1)-sphere of (n+ 2) or more colors.
Proposition 5.2. For each k ≥ n + 2, there is a full k-coloring of Sn in
which all great (n− 1)-spheres are colored with (n+ 1) or fewer colors.
Proof. Let M = {x1, ..., xk−1} ⊂ Sn ⊂ Rn+1 consists of k− 1 ≥ n+ 1 points
such that every subset of n+ 1 points in M are linearly independent. Thus
there is no great (n − 1)-sphere containing (n + 1) or more points in M .
Now if let Γi = {xi} and Γk = Sn−M , then there is no great (n− 1)-sphere
containing (n+ 2) or more different colors. 
6. Application: Characterizing Mo¨bius Transformations in the
Plane
We now prove the “five-point theorem”.
Proof of Theorem 1.7. Let T : S2 −→ Sn be a weakly circle preserving map.
If T (S2) contains at least 6-points, then by the six-point theorem above,
the image T (S2) is a 2-sphere and T must be a Mo¨bius transformation.
It remains to deal with the case in which the image T (S2) contains exactly
5 points. We will show that no such transformation exists. Suppose for
contradiction that such a map T existed and denote its image T (S2) =
{m1,m2,m3,m4,m5}. Define a coloring of S2 by the partition Γ = {Γi : i =
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1, 2, ..., 5} with Γi = T−1(mi) for 1 ≤ m ≤ 5. By Theorem 1.1, there will
exist some circle in the domain S2 that requires 4 or more colors. Under
T , the image of this circle contains 4 points in T (S2), and since the map is
weakly circle-preserving, these 4 points lie in on a circle in the range space.
This contradicts the hypothesis that the five points comprising the image
T (S2) are in circular general position. 
Remark 6.1. It seems likely that the method of proof of the “five-point
theorem” given here can be generalized to yield a local “five-point theorem”
exactly parallel to the “six point theorem” in [13, Theorem 1]. That is, the
map can be taken to be T : U → Sn, with U ⊂ S2, where U is a simply
connected open set.
The following proposition shows Theorem 1.7 is sharp in the sense that
if we change the hypothesis to 4 points, then the weakly-circle preserving
map need not be a Mo¨bius transformation.
Proposition 6.2. There exists a weakly circle preserving map T : S2 −→ Sn
such that its range T (S2) consists of 4 points that do not all lie in a circle.
Proof. Let M = {m1,m2,m3,m4} ⊂ Sn be such that M does not lie in a
circle. By Proposition 4.2, there is a 4-coloring Γ on S2 such that there is
no circle containing all of the 4 colors. Denote Γi as the set of points of
color i in S2, and define T : S2 −→ Sn by T (x) = mi if x ∈ Γi. This map
is weakly circle preserving as every circle is mapped to at most three points
in Sn. The proposition follows. 
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